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Why Sylvester Equation?

2

ÁLink users from different social networks 

[Zhang et alô 16]

ÁProtein function prediction 

[Vishwanathanet alô 10]

ÁFraudulent transaction pattern matching 

[Du et alô 17] 
ÁChemical similarity calculation 

[Yu-Chen et alô 15]

Query pattern

?

å

Network alignment Graph kernel

Subgraph matching Node similarity

Transaction network Chemical compound network
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What is Sylvester Equation: an example on plain graph
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Adjacency matrix 

Ἃ : 

G2

Solution matrix X of the 

Sylvester equation: 

ἦ ἋἦἋ Ἄ
(Ἃ and Ἃ are normalized)

ÁSylvester equation ἦ ἋἦἋ Ἄgives the cross-network node similarity matrix ἦ;

G1

Adjacency matrix: 

Ἃ :

Prior knowledge of 

cross-network link:Ἄ

0 1 1 0

1 0 1 1

1 1 0 0

0 1 0 0

0 1 0 0

1 0 1 1

0 1 0 1

0 1 1 0

Ἄχ
0 0 0 0

0 0 0 0

0 0 0 0

1 0 0 0

[1] Zhang, Si, and Hanghang Tong. "Final: Fast attributed network alignment." Proceedings of the 22nd ACM SIGKDD International 

Conference on Knowledge Discovery and Data Mining. ACM, 2016.

[2] Singh, Rohit, Jinbo Xu, and Bonnie Berger. "Global alignment of multiple protein interaction networks with application to functional 

orthology detection." Proceedings of the National Academy of Sciences (2008).
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What is Sylvester Equation: an example on attributed graph

4

Input graphs with node attributes 

(colors and shapes)

Solution X of ἦ В░ȟ▒ Ἃ ἦἋ ἢ Ἄ

(Ἃ and Ἃ are normalized)

G1 G2

ÁSylvester equation ἦ В░ȟ▒ Ἃ ἦἋ ἢ Ἄgives the cross-network node similarity matrix ἦ;

0 1 0 0

1 0 1 1

0 1 0 0

0 1 0 0

0 1 0 0

1 0 1 1

0 1 0 0

0 1 0 0

Ἃ : Ἃ :Ἄχ
0 0 0 0

0 0 0 0

0 0 0 0

0 0 1 0

[1] Zhang, Si, and Hanghang Tong. "Final: Fast attributed network alignment." Proceedings of the 22nd ACM SIGKDD International 

Conference on Knowledge Discovery and Data Mining. ACM, 2016.

[2] Singh, Rohit, Jinbo Xu, and Bonnie Berger. "Global alignment of multiple protein interaction networks with application to functional 

orthology detection." Proceedings of the National Academy of Sciences (2008).

e.g.Ἃ :

0 0 0

0 0 0

0 0 0 0

0 0 0 0

Ἃ :

0 0 0 0

0 0

0 0 0 0

0 0 0 0
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ÁGiven: 

ÅTwo graphs Ὃ and Ὃ (the adjacency matrices are Ἃ and Ἃ );

ÅThe preference matrix Ἄ.

ÁFind: the solution ἦof Sylvester equation:

or ὀof its equivalent linear system:

ÁMathematical details:

ÅἋ ᴺɻ ȾἎ
Ⱦ
ἋἎ

Ⱦ
, Ἃ ᴺɻ ȾἎ

Ⱦ
ἋἎ

Ⱦ
;

ÅἎ and Ἆ are the diagonal degree matrices of Ἃ andἋ , π  ρ;

Åἥ Ἃ ṧἋ (both are normalized),ὀ= vec(ἦ), Ἢ= vec(Ἄ).

Formal Definition of Sylvester Equation (Plain Graph)
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ἦ ἋἦἋ Ἄ

ἓ ἥ ὀ Ἢ

[1] Zhang, Si, and Hanghang Tong. "Final: Fast attributed network alignment." Proceedings of the 22nd ACM SIGKDD International 

Conference on Knowledge Discovery and Data Mining. ACM, 2016.

[2] Singh, Rohit, Jinbo Xu, and Bonnie Berger. "Global alignment of multiple protein interaction networks with application to functional orthology

detection." Proceedings of the National Academy of Sciences (2008).

G2G1

Solution matrix X
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ÁGiven:

ÅTwo graphs Ὃ ὃȟὔ , Ὃ ὃȟὔ ;

ÅThe preference matrix Ἄ.

ÁFind: the solution ἦof Sylvester equation:

or ὀof its equivalent linear system:

ÁMathematical details:

ɆἋ
░▒
ᴺɻ ȾἎ

Ⱦ
Ἒ░ἋἚ

▒
Ἆ

Ⱦ
, Ἃ

░▒
ᴺɻ ȾἎ

Ⱦ
Ἒ░ἋἚ

▒
Ἆ

Ⱦ
;

ɆἋ
░▒

is the adjacency matrixófilteredôby attribute i and j.

Ɇὰ: the number of node attributes, ὀ= vec(ἦ), Ἢ= vec(Ἄ).

Formal Definition of Sylvester Equation (Attributed Graph)
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ὔ ὥȟὥ ρif node 

ὥhas node attribute 

Ὦ, o/w it is zero.

ἦ
░ȟ▒

■

Ἃ ἦἋ ἢ Ἄ

ἓ
░ȟ▒

■

Ἃ ṧἋ ὀ Ἢ

[1] Zhang, Si, and Hanghang Tong. "Final: Fast attributed network alignment." Proceedings of the 22nd ACM SIGKDD International 

Conference on Knowledge Discovery and Data Mining. ACM, 2016.

[2] Singh, Rohit, Jinbo Xu, and Bonnie Berger. "Global alignment of multiple protein interaction networks with application to functional 

orthology detection." Proceedings of the National Academy of Sciences (2008).

Solution matrix X

G2G1

0 0 0

0 0 0

0 0 0 0

0 0 0 0

Ἃ :


